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CHAPTER IX

On Trinomial Factors.

143. The means by which linear factors of any polynomial may be found,
we have seen above, is through the solution of an equation. If the polynomial is
a + Bz + vzt 4 52 + ez + -+ and a linear factor is of the forn p - gz,

that  whenever p — gz is a factor of the function

it s clc

o+ Bz + <~m + -+, and when we substitute 2 for z, then the factor

q

p — ¢z becomes zero and the proposed function vanishes. It follows that p — gz

is a factor or divisor of the polynomial a + Bz + vz + 62 + ezt + - -

2 3 4
whenever « + mb ap <Nm + mbw. + m.mﬂ + -+ = 0. Conversely, il all the
q q q q
roots £ of this equation have been extracted, they will give all of the linear fac-
q
tors of the proposed polynomial o + 2z + J:NM + 823+ -+ | thatis p — gz.

It is clear now that the number of these linear factors is determined by the
grealest power of z.

144. Irom time to time it happens that complex linear faclors are found
only with difficulty. 1t is for this reason thal I present in this chapter a special
method by which the complex linear factors can [requently be found. Since com-
plex linear factors are so paired that the product of two of them is real. We will

find those complex factors if we study the quadratic factors of the form
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p — gz + rz? which are real, but whose linear factors are complex. If the func-
tion a + Bz + yz2 + 82° + - has only real quadratic factors in this form of

a trinomial p — ¢z + rz?, then all of the linear factors will be complex.

145. A trinomial p — gz + rz? has linear factors which are complex if

4pr > ¢%, that is if lﬂehl < 1. Since the sine and cosine of angles are less
2VY pr

than 1, a trinomial p qz + rz? has complex linear factors if ety equal to

2Vpr
the sine or cosine of some angle. Now let —4— = cos ¢ or ¢ = m/\mﬂ cos ¢,
2Vpr
and the trinomial p — gz + rz? has complex linear factors. Lest some irra-
tionality —cause problems, we assume the trinomial has the form
p? — 2pgz cos & + ¢22%, whose complex linear factors are
gz — p(cos d + ¢ sin ¢) and g¢z— p(cos b — i sin ). It is clear that if

cos ¢ = * 1, then sin ¢ = 0 and both factors will be equal and real.

146. Given a polynomial o + Bz + J.NN +8z3 4+ -+, the complex
linear factors can be found if the values of p, ¢, and the arc ¢ are such that the -

trinomial p® — 2pgz cos ¢ + Qwuw is a factor of the function. In this case, the

complex linear factors will be qz — p(cos & + 1 sin ) and
qz — p(cos ¢ — 7 sin ¢). For this reason, the given function vanishes if we sub-

" ) i ) s
stitute either z = W?Cm ¢ + 1sind)or z= ‘NxAnCm ¢ — i sin ). When each

q q

of these substitutions is made, we oblain two equations which can be solved for

both the fraction £ and the arc .

q
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147. 1L might seem at first that these substitutions for 2 would cause

difliculties, but when we use some of the results treated in the preceding chapter,

things go rather expeditiously. We have seen that
(cos b *+ 1 sin b)" = cos nd *+ 1 sin nd, so thal the following formulas arc

used  when substituting for the powers of =z In the first factor,

2
2= N?Cm ¢ + 1 sin d), = .mtwnAnOm 2¢ + 1 sin 2d),
q q
3 tu g 4 wA
2= Iw?cm 3¢ + ¢ sin 3d), 2" = IMAoOm 4¢ + 1 sin 1), ete.
q q

2
In the second factor, z = LN?Cm ¢ — 1 sin ¢), 2% = .Nuls?o.m 2¢ — 1 sin 2¢),
q q

3 4
2t = %w_‘?:x 3 i sin 3), 2t = .NAIT.C,; 4 — 1 gin 4d), ete. Tor the sake of
q q

brevity we let L — ; and then make the substitutions to obtain the two equa-
q

tions 0 = a + Br cos ¢ + J;woOm 2¢ + Sricos SX G OIERD
+ Bri sin ¢ + vriisin 24 + 5r3i sin 3¢ + -+ and
0=oa+ Brcosd + yricos 24 + dricos 3p + - -

- Bri sin ¢ — <am_. sin 2= or3 sin 3¢ — - - - .

148. If these two equations are added and subtracted, and in the latter case
also divided by 21 we obtain the two real equations
0=oa+ Brcosd + )\LSm 2¢ + dr3cos 3¢ + -+ and
0= Brsind + vrisin 2 + 8r%sin 3¢ + - - - . In fact, given the polynomial
iR G vzt + 828 + e2' + -+ we can immediately write down the two

In the first we put, for each power of z, z" = r"cos nd and in the

sccond z" = r"sin nd. Since sin Op = 0 and cos Op = 1, for 2% in the first
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equation we put 1 and in the second we put 0. If now we can find the two unk-

hE " b v .
nown quantities r and ¢ from the two equations, then, since r = le we will
q

have the Lrinomial factor, p? = 2pgz cos &b + ¢*2%, of the given function and so

also the two complex linear factors.

149. If the first equation is multiplied by cos md and the second by
sin m¢, then by addition and subtraction the following equations result.
0=« cos md + Br cos(m — 1) + yricos(m — 2)d
+ 8r3cos(m — w.v% + -+ and
0= acos md + Br cos(m + )b + yricos(m + 2)d

+ dricos(m 4 3)b + - . Any two equalions of this kind determine the
unknowns r and ¢. Since frequently there are several different solutions, we
obtain several different trinomial factors, indeed we obtain all such factors in this
way.

150. In order that the use of these rules may become clearer, we will inves-
tigate trinomial factors of certain functions which occur rather frequently. Once
we have these results, they will be ready at hand for future use. Let the first
such function be a™ + z"; we will determine the trinomial factors of the form

p? — 2pgz cos b + ¢%z%. When we let r = P e have the following two equa-

q

tions: 0 = a" + r" cos nd and 0 = r" sin nd. The second of these equations
gives sin nd = 0, so that nd = (2 + Dw, or nd = 2k, where k is an
integer. We will treat these Lwo cages separately, since the cosines are different,

being respectively cos(2k + 1)w = — 1 and cos 2km = 1. It should be clear

Il

that the choice will be nd = (2k + 1), since with cos nd = — 1, we have






